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Four-dimensional super-twistors provide a compact covariant description of on-shell
N = 4 d=4 super-Yang-Mills. In this paper, ten-dimensional super-twistors are introduced
which similarly provide a compact covariant description of on-shell d=10 super-Yang-Mills.
The super-twistor variables are Z = (λα, µα,Γ
m) where λα and µα are constrained bosonic
d=10 spinors and Γm is a constrained fermionic d=10 vector. The Penrose map relates the
twistor superfield Φ(Z) with the d=10 super-Yang-Mills vertex operator λαAα(x, θ) which
appears in the pure spinor formalism of the superstring, and the cubic super-Yang-Mills
amplitude is proportional to the super-twistor integral
∫
dZ Φ1Φ2Φ3.
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1. Introduction
In four dimensions, twistor variables were introduced in 1967 by Penrose as an alter-
native description of spacetime in which light-like lines replace points as the fundamental
objects [1]. Instead of the usual spacetime vector variable xµ for µ = 0 to 3, Penrose’s
twistor variables consist of bosonic two-component spinors (λa, µa˙) where a, a˙ = 1 to 2.
The relation between these two descriptions is given by
µa˙ = xµσ
µ
aa˙λ
a, Pµ = λaσµaa˙λ¯
a˙ (1.1)
where Pµ is the light-like momentum, σµaa˙ are the d=4 Pauli matrices, and λ¯
a˙ is the
canonical momentum variable to µa˙. These d=4 twistor variables transform linearly under
SO(4, 2) conformal transformations and provide a compact description of massless states.
In 1978, Ferber [2] generalized Penrose’s twistors to four-dimensional super-twistors
consisting of the bosonic spinor variables (λa, µa˙) as well as N fermionic scalar variables
ηJ for J = 1 to N where N is the number of supersymmetries. These super-twistor
variables transform linearly under superconformal transformations and are related to the
usual (xµ, θaJ , θ¯a˙J) superspace variables by the map
µa˙ = xµσ
µ
aa˙λ
a + θ¯a˙Jη
J , ηJ = λaθJa , (1.2)
Pµ = λaσµaa˙λ¯
a˙, qaJ = λ
aη¯J , q¯
J
a˙ = η
J λ¯a˙
where λ¯a˙ is the canonical momentum variable to µa˙ and η¯J is the canonical momentum
variable to ηJ .
When N = 4, these super-twistors provide a compact covariant description of on-shell
maximally supersymmetric d = 4 super-Yang-Mills. Expanding in powers of ηJ , a scalar
twistor superfield Φ(λ, µ, η) of momentum Pµ = λaσµaa˙π¯
a˙ (where π¯a˙ is the eigenvalue of
the operator λ¯a˙) has the expansion
Φ(λ, µ, η) = eµa˙p¯i
a˙
(a− + η
J s¯J + η
JηKφJK + (η
3)Js
J + (η4)a+) (1.3)
where (a−, a+) are the (−1,+1) helicities of the gluon, (s¯J , s
J) are the (−12 ,+
1
2 ) helicities
of the gluino, and φJK are the six scalars. Recently, these super-twistors have played
an important role in simplifying the computation of d=4 super-Yang-Mills scattering am-
plitudes. Starting from the supersymmetric expression for the MHV tree amplitude [3],
Witten showed how to use super-twistors to compute non-MHV super-Yang-Mills tree
1
amplitudes [4]. These super-twistor methods were further developed in hundreds of pa-
pers and drastically simplify the conventional Feynman diagram techniques for computing
N = 4 d=4 super-Yang-Mills scattering amplitudes.
Despite this progress in computing N = 4 d=4 super-Yang-Mills amplitudes using
super-twistors, there has been very little discussion of super-twistors in higher dimensions.
Although super-Yang-Mills is only conformally invariant in four dimensions, the most nat-
ural formulation of maximally supersymmetric Yang-Mills is in ten dimensions where the
only physical fields are a gluon and gluino. Moreover, super-Yang-Mills in ten dimensions is
the low energy limit of open superstring theory, and superstring theory and twistor theory
have many similar features [5] [6]. For example, both superstring theory and twistor theory
provide drastic simplifications to conventional Feynman diagram methods, at least when
the external states are on-shell. This suggests that any d=10 super-twistor description of
super-Yang-Mills might be related to superstring theory.
In this paper, a new d=10 super-twistor description will be introduced which consists
of the bosonic d=10 spinors (λα, µα) for α = 1 to 16, and the fermionic d=10 vector Γ
m
for m = 0 to 9. These super-twistor variables will be constrained to satisfy
λγmλ = 0, µαλ
α = 0, µγmnλ = 2ΓmΓn, Γm(γmλ)α = 0 (1.4)
where γmαβ are the d=10 Pauli matrices satisfying γ
(m
αβγ
n)βγ = 2ηmnδγα. The first constraint
of (1.4) implies that λα is a d=10 pure spinor with 11 independent components, and the
remaining constraints of (1.4) imply that µα and Γ
m each have 5 independent components.
These d=10 super-twistor variables are related to the usual d=10 superspace variables
(xm, θα) by the map
µα = xmγ
m
αβλ
β +
1
2
Γm(γmθ)α, Γ
m = λγmθ, (1.5)
Pm = λγmλ¯, qα = Γ¯m(γ
mλ)α − Γ
m(γmλ¯)α
where λ¯α is the canonical momentum variable to µα and Γ¯m is the canonical momentum
variable to Γm.
The use of bosonic pure spinor variables (λα, µα) to describe higher-dimensional
twistors has previously been discussed in [7] [8] [9], and the d=10 super-twistor vari-
ables of (1.4) can be understood as a “complexified” version of the real d=10 super-twistor
variables introduced in [10]. Unlike in four dimensions where the super-twistor variables
transform linearly under d = 4 superconformal transformations, the d=10 super-twistor
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variables transform linearly only under d=10 super-Poincare´ transformations. Note that
d=4 super-twistor variables involving fermionic vectors have been discussed in [11], and
d=10 super-twistor variables involving fermionic scalars have been discussed in [12].
To describe on-shell d=10 super-Yang-Mills, the twistor superfield Φ(λ, µ,Γ) should
satisfy the constraint BΦ = 0 where
B = (λγmλ¯)Γ¯m −
1
2
(λ¯γmλ¯)Γm (1.6)
is a super-Poincare´ covariant operator. The condition BΦ = 0 implies that Φ depends on
only 4 of the 5 independent Γ’s, so Φ has 24 component fields as expected. Expanding in
Γm, the component super-Yang-Mills fields appear in the twistor superfield as
Φ(λ, µ,Γ) = (1.7)
eµαp¯i
α
(s¯+ Γma
m
− + ΓmΓns
mn + (π¯γmnpqrπ¯)Γ
mΓnΓphqar+ + (π¯γmnpqrπ¯)Γ
mΓnΓpΓqhrs)
where Pm = λγmπ¯, hm is any constant vector satisfying hmP
m = 1, the d=10 gluon
polarization has been split as am = am− + a
m
+ with a
m
− (γmπ¯)α = a
m
+ (γmλ)α = 0, and the
d=10 gluino polarization has been split as ψα = π¯αs¯+(γmnλ)
αsmn+λαs with smn(γnπ¯)α =
0.
Using the relation of (1.5) to map super-twistor variables into superspace variables, one
finds that B maps into 1
2
uαP
m(γmD)
α where Dα is the d=10 supersymmetric derivative
and uα is any spinor satisfying uαλ
α = 1. And Φ of (1.7) maps to λαAα(x, θ) where
Aα(x, θ) is the super-Yang-Mills spinor gauge superfield in the gauge P
m(γmD)
αAβ = 0.
In the pure spinor formalism for the superstring [13], V = λαAα(x, θ) is the unin-
tegrated open string vertex operator for super-Yang-Mills and the composite b ghost is
1
2uαP
m(γmD)
α + ... where ... involves non-minimal variables. N -point super-Yang-Mills
tree amplitudes are computed in this superstring formalism by evaluating the α′ → 0 limit
of the disk correlation function
AN = 〈V1(z1)V2(z2)V3(z3)
N∏
r=4
∫
dzUr(zr)〉 (1.8)
where Ur(zr) = b−1Vr(zr) is a dimension-one vertex operator and b−1 denotes the single
pole with b.
Since Φ maps to V and B maps to the b ghost, it is natural to try to formulate a similar
prescription for d=10 super-Yang-Mills tree amplitudes in terms of twistor superfields. As
3
in d=4, it will be shown that the cubic super-Yang-Mills amplitude in d=10 is proportional
to the super-twistor integral ∫
d10λd5µd5Γ Φ1Φ2Φ3. (1.9)
However, it is not yet understood how to obtain the correct proportionality factor coming
from momentum conservation for this cubic d=10 amplitude. Furthermore, for higher-
point amplitudes, the appropriate super-twistor prescription is not known and will require
the construction of a worldsheet action for the super-twistor variables.
In section 2 of this paper, the four-dimensional super-twistor description ofN = 4 d=4
super-Yang-Mills is reviewed. In section 3, the d=10 super-twistor variables are introduced,
the twistor superfield for d=10 super-Yang-Mills is constructed, and the super-twistor
prescription for super-Yang-Mills tree amplitudes is discussed.
2. Review of Four-Dimensional Super-Twistors
2.1. N = 4 d=4 super-twistor variables
N = 4 d=4 super-twistor variables consist of the bosonic Weyl and anti-Weyl spinors
(λa, µa˙) for a, a˙ = 1 to 2 and the fermionic scalars η
J for J = 1 to 4. Note that unlike the
usual superspace variables (xµ, θaJ , θ¯a˙J) for µ = 0 to 3, super-twistor variables carry the
opposite statistics from those expected by the spin-statistics relation.
These variables transform linearly under PSU(2, 2|4) superconformal transformations
which are generated by
Pµ = λaσµaa˙λ¯
a˙, qaJ = λaη¯J , q¯
J
a˙ = η
J λ¯a˙, M
µν =
1
2
(σµν)baλ
aµ¯b+
1
2
(σµν)b˙a˙µb˙λ¯
a˙, (2.1)
RJK = η
J η¯K , K
µ = σµaa˙µ
a˙µ¯a, D = λaµ¯a − µa˙λ¯
a˙, sJa = η
J µ¯a, s¯a˙J = µa˙η¯J ,
where (µ¯a, λ¯
a˙, η¯J ) are the canonical momenta variables to (λ
a, µa˙, η
J) and σµaa˙ are the d=4
Pauli matrices. These superconformal generators all commute with the generator
H = λaµ¯a + µa˙λ¯
a˙ + ηJ η¯J (2.2)
which defines the “projective weight”.
The above super-twistor variables are related to the usual N = 4 d=4 superspace
variables (xµ, θaJ , θ¯a˙J) by the relation
µa˙ = xµσ
µ
aa˙λ
a + θ¯a˙Jη
J , ηJ = λaθJa . (2.3)
One can easily check that this map is invariant under the above PSU(2, 2|4) superconformal
transformations if one defines (xµ, θaJ , θ¯a˙J) to transform in the standard manner.
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2.2. Twistor superfield for d=4 super-Yang-Mills
Just as on-shell N = 4 d=4 super-Yang-Mills can be described using gauge and field-
strength superfields depending on (x, θ, θ¯) superspace variables, it can also be described
by a scalar twistor superfield Φ(λ, µ, η). The map of (2.3) relates this twistor superfield
with the spacetime field-strength superfield Fa˙b˙(x, θ, θ¯) whose θ = θ¯ = 0 component is the
linearized self-dual field-strength fa˙b˙ = (σ
µν)a˙b˙∂µaν .
To show this relation, first note that if Fa˙b˙ is written in momentum space where the
light-like momentum satisfies Pµ = λaσµaa˙π¯
a˙, Fa˙b˙ can be expressed as Fa˙b˙ = π¯a˙π¯b˙F (x, θ, θ¯)
where the θ = θ¯ = 0 component of F is the −1 helicity component of the gluon. In other
words, if the gluon polarization aµ is split as
aµ = (ǫaσµaa˙π¯
a˙)a− + (ǫ¯
a˙σ
µ
aa˙λ
a)a+ (2.4)
where (ǫa, ǫ¯a˙) are arbitrary spinors satisfying ǫaλa = ǫ¯
a˙π¯a˙ = 1, a− is the θ = θ¯ = 0
component of F . Furthermore, the superspace constraints D¯Jc˙ Fa˙b˙ = 0 and σ
µ
cc˙∂µD
c
JFa˙b˙ = 0
imply that F satisfies
D¯Ja˙F = λaD
a
JF = 0 (2.5)
where DaJ =
∂
∂θaJ
− 1
2
(σµθ¯)aJ∂µ and D¯
J
a˙ =
∂
∂θ¯a˙
J
− 1
2
(σµθ)Ja˙∂µ are the N = 4 d=4 super-
symmetric derivatives.
To relate F (x, θ, θ¯) to Φ(λ, µ, η), define the scalar twistor superfield with momentum
Pµ = λaσµaa˙π¯
a˙ as
Φ(λ, µ, η) = eµa˙p¯i
a˙
f(ηJ) (2.6)
where f(ηJ) is an arbitrary function of ηJ . The map relating F (x, θ, θ¯) and Φ(λ, µ, η) is
defined by
F (x, θ, θ¯) = Φ˜(λ, x, θ, θ¯) (2.7)
where F (x, θ, θ¯) has momentum Pµ = λσµπ¯ and Φ˜(λ, x, θ, θ¯) is obtained from Φ(λ, µ, η)
by setting µa˙ = xµσ
µ
aa˙λ
a + θ¯a˙Jη
J and ηJ = λaθJa as in (2.3). It is easy to use (2.3) to
verify that D¯Ja˙ Φ˜ = λ
aDaJ Φ˜ = 0, so (2.5) is satisfied. Using the identification of (2.7) with
F (x, θ, θ¯), one learns that
f(ηJ) = a− + η
J s¯J + η
JηKφJK + (η)
3
Js
J + (η)4a+ (2.8)
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where a± are defined in (2.4), s
J and s¯J are the gluinos of ±
1
2 helicity defined by ψ
J
a = πas
J
and ψ¯a˙J = π¯a˙s¯J , and φJK are the six scalars. Note that f(η
J) has +2 projective weight
since under λa → cλa and π¯a˙ → c−1π¯a˙,
(a−, s¯J , φJK , s
J , a+)→ (c
2a−, cs¯J , φJK , c
−1sJ , c−2a+). (2.9)
2.3. d=4 super-Yang-Mills tree amplitudes
Four-dimensional super-twistors have recently been used to compute super-Yang-Mills
tree amplitudes where tree amplitudes of different helicity violation involve curves in
twistor space of different degree [4][14]. Only the degree zero curve where λa is con-
stant will be discussed here, which is non-vanishing for cubic “self-dual” amplitudes, i.e.
the supersymmetric completion of amplitudes involving two gluons of −1 helicity and one
gluon of +1 helicity. Note that although the cubic amplitude vanishes for real momentum
in signature (d− 1, 1), it is non-vanishing for real momentum in signature (d2 ,
d
2 ).
In signature (2, 2), there are two possible ways for the momentum conservation con-
dition
∑3
r=1 P
µ
(r) =
∑3
r=1(λ(r)σ
µπ¯(r)) = 0 to be satisfied. Either λ
a
(1) = λ
a
(2) = λ
a
(3) and∑3
r=1 π¯
a˙
(r) = 0, or π¯
a˙
(1) = π¯
a˙
(2) = π¯
a˙
(3) and
∑3
r=1 λ
a
(r) = 0. The first solution corresponds to
the “self-dual” amplitude involving a degree zero curve where λa is constant, whereas the
second solution corresponds to the “anti-self-dual” amplitude involving a degree one curve
where λa is non-constant.
Suppose one uses projective invariance to scale λ1(1) = λ
1
(2) = λ
1
(3) = 1. Then if one
defines
Φ(r)(λ, µ, η) = δ(λ
2 − λ2(r))e
µa˙p¯i
a˙
(r)f(r)(η) (2.10)
where f(r)(η) is defined in (2.8), the cubic self-dual super-Yang-Mills amplitude can be
expressed as the super-twistor integral
A =
∫
dλ2
∫
d2µ
∫
d4ηTr([Φ(1),Φ(2)]Φ(3)) (2.11)
where the trace is over the color indices of Φ. The integral over
∫
dλ2
∫
d2µ
∫
d4η is easily
performed and gives
A = δ(λ2(3) − λ
2
(1))δ(λ
2
(3) − λ
2
(2))δ
2(
∑
r
π¯(r))Tr([a
(1)
− , a
(2)
− ]a
(3)
+ + ...) (2.12)
= (π¯a˙(1)π¯(2)a˙)δ
2(
∑
r
λ2(r)π¯(r))δ
2(
∑
r
π¯(r))Tr([a
(1)
− , a
(2)
− ]a
(3)
+ + ...)
= (π¯a˙(1)π¯(2)a˙)δ
4(
∑
r
P(r))Tr([a
(1)
− , a
(2)
− ]a
(3)
+ + ...),
which is the correct expression for the self-dual super-Yang-Mills amplitude where ... is
the supersymmetric completion of the self-dual gluon amplitude.
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3. Ten-Dimensional Super-Twistors
3.1. d = 10 super-twistor variables
As discussed in [7][8][9], the natural generalization of four-dimensional twistor vari-
ables (λa, µa˙) to higher dimensions is (λ
α, µα) where λ
α is a pure spinor and µα is related
to the spacetime variables xm by the map µα = x
m(γmλ)α. In ten dimensions, a Weyl
spinor has 16 components (i.e. α = 1 to 16), and a pure spinor must satisfy λγmλ = 0
which implies that λα has only 11 independent components. Furthermore, µα = x
m(γmλ)α
implies that µα satisfies µαλ
α = µγmnλ = 0, which implies that µα has only 5 independent
components. Note that in spacetime with signature (9, 1), (λα, µα) are complex variables.
But just as four-dimensional twistors are real variables in signature (2, 2), ten-dimensional
twistors are real variables in signature (5, 5). In this paper, we shall choose the signature
(5, 5) so that λα and λ¯α are independent real variables.
As in four dimensions, µα can be interpreted as the canonical momentum variable
to λ¯α where the light-like spacetime momentum is Pm = λαγmαβλ¯
β . Note that λ¯α is not
required to be a pure spinor, and PmPm = 0 follows from the d=10 gamma-matrix identity
γmα(βγ
m
γδ) = 0 together with λγ
mλ = 0.
To generalize to ten-dimensional super-twistors, one introduces a fermionic vector Γm
which is constrained to satisfy Γm(γmλ)α = 0. So Γ
m has 5 independent components.
As in four dimensions, the statistics of the fermonic twistor variable is opposite from
the statistics one would expect from its Lorentz representation. One also modifies the
constraints on µα to µαλ
α = µγmnλ− 2ΓmΓn = 0.
So the ten-dimensional super-twistor space is defined by the variables (λα, µα,Γ
m)
which are constrained to satisfy
λγmλ = 0, µαλ
α = 0, µγmnλ− 2ΓmΓn = 0, Γm(γmλ)α = 0. (3.1)
These constraints imply that µα and Γ
m can be expressed in terms of d=10 superspace
variables (xm, θα) as
µα = xm(γ
mλ)α +
1
2
Γm(γmθ)α, Γ
m = λγmθ, (3.2)
which closely resembles the four-dimensional relation of (2.3). Furthermore, these super-
twistor variables transform linearly under d=10 super-Poincare´ transformations which are
generated by
Pm = λγmλ¯, qα = (γ
mλ)αΓ¯m − Γ
m(γmλ¯)α, M
mn =
1
2
λγmnµ¯+
1
2
µγmnλ¯+ Γ[mΓ¯n],
(3.3)
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where (µ¯α, λ¯
α, Γ¯m) are canonical momentum variables for (λ
α, µα,Γ
m).
It is easy to verify that the generators of (3.3) commute with the constraints of (3.1)
and form a d=10 super-Poincare´ algebra. As in four dimensions, the operator
H = λαµ¯α + µαλ¯
α + ΓmΓ¯m (3.4)
defines the projective weight and commutes with the super-Poincare´ generators. Finally,
it will be useful to define the fermionic operator
B = (λγmλ¯)Γ¯m −
1
2
Γm(λ¯γmλ¯) (3.5)
which commutes with both the constraints of (3.1) and with the super-Poincare´ generators
of (3.3).
If one sets the fermionic variables Γm and Γ¯m to zero, the d=10 Poincare´ algebra
can be extended to a conformal algebra by including the generators Km = µγmµ¯ and
D = µλ¯−λµ¯. However, after including Γm and Γ¯m, there is no obvious way to extend the
d=10 super-Poincare´ algebra to a superconformal algebra. This is of course not surprising
since d=10 super-Yang-Mills is not superconformally invariant.
3.2. d=10 twistor superfield
In this section, it will be shown that on-shell d=10 super-Yang-Mills is described by
a scalar twistor superfield Φ(λ, µ,Γ) of +1 projective weight which is annihilated by the
B operator of (3.5). This twistor superfield can be mapped to the spacetime superfield
V = λαAα(x, θ) which appears in the pure spinor formalism, and the condition of +1
projective weight is related to the +1 ghost-number of V . The condition that BΦ = 0
comes from a gauge-fixing condition on Aα and implies that Φ depends on only 4 of the
5 Γ’s, which is the same number of fermionic variables as in the four-dimensional super-
twistor.
In the pure spinor formalism for the superparticle or superstring, linearized on-shell
d=10 super-Yang-Mills is described by the vertex operator V = λαAα(x, θ) satisfying
QV = 0 where Q = λαDα, Dα =
∂
∂θα
− 12 (γ
mθ)α
∂
∂xm
, λα is a d=10 pure spinor, Aα(x, θ) is
the spinor gauge superfield satisfying D(αAβ) = γ
m
αβAm, and Am(x, θ) is the vector gauge
superfield [15]. The gauge superfields Aα and Am are defined up to the linearized gauge
transformations δAα = DαΩ and δAm = ∂mΩ.
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A convenient gauge-fixing condition for Aα is ∂m(γ
mD)αAβ(x, θ) = 0. This gauge-
fixing condition implies that ∂mAm = 0 and can be solved in a plane-wave basis with
momentum Pm by
Aα = h
m(γmW )α, An = h
mFmn (3.6)
where hm is any constant vector satisfying hmPm = 1, W
α = 1
10
γmαβ(DβAm − ∂mAβ) is
the superfield-strength whose θ = 0 component is the gluino, and Fmn = ∂[mAn] is the
superfield-strength whose θ = 0 component is the gluon field strength.
To relate V = λαAα with a twistor superfield, suppose that the momentum P
m sat-
isfies Pm = λαγmαβπ¯
β for some π¯β. Then the superfield identity DαW
β = −1
4
(γmn)α
βFmn
implies that V = (λγmW )hm satisfies
(λαDα)V = (λγ
mnD)V = (π¯αDα)V = 0. (3.7)
Since the momentum Pm = λγmπ¯ is invariant under the transformation δπ¯α =
(γmnλ)αΩmn for arbitrary Ωmn, one can choose π¯
α so that it is a pure spinor satisfy-
ing π¯γmπ¯ = 0. The d=10 twistor superfield will then be defined in analogy with (2.6)
as
Φ(λ, µ,Γ) = eµαp¯i
α
f(Γm). (3.8)
To satisfy BΦ = 0 where B is defined in (3.5), f(Γm) must satisfy (λγmπ¯) ∂
∂Γm f = 0 which
implies that f(Γm) depends on only four of the five independent Γ’s.
The map relating V = λαAα with Φ(λ, µ,Γ) will be defined as in (2.7) by
V (λ, x, θ) = Φ˜(λ, x, θ) (3.9)
where V (λ, x, θ) has momentum Pm = λγmπ¯ and Φ˜(λ, x, θ) is obtained from Φ(λ, µ,Γ)
by setting µα = xm(γ
mλ)α +
1
2Γ
m(γmθ)α and Γ
m = λγmθ as in (3.2). It is easy to use
(3.2) to verify that (λαDα)Φ˜ = (λγ
mnD)Φ˜ = (π¯αDα)Φ˜ = 0, so (3.7) is satisfied. Using
the identification of (3.9) with V (λ, x, θ), one learns (up to constant coefficients) that
f(Γm) = s¯+ Γma
m
− + ΓmΓns
mn + (π¯γmnpqrπ¯)Γ
mΓnΓphqar+ + (π¯γmnpqrπ¯)Γ
mΓnΓpΓqhrs
(3.10)
where Pm = λγmπ¯, hm is any constant vector satisfying hmP
m = 1, the d=10 gluon
polarization has been split as am = am− + a
m
+ with a
m
− (γmπ¯)α = a
m
+ (γmλ)α = 0, and the
d=10 gluino polarization has been split as ψα = π¯αs¯+(γmnλ)
αsmn+λαs with smn(γnπ¯)α =
9
0. Note that f(Γm) is annihilated by Pm ∂
∂Γm and has +1 projective weight since under
λa → cλa and π¯α → c−1π¯α,
(am− , a
m
+ )→ (a
m
− , a
m
+ ) and (s¯, s
mn, s)→ (cs¯, c−1smn, c−1s). (3.11)
Furthermore, π¯γmπ¯ = 0 implies that f(Γm) is independent of the explicit choice of hm.
It might seem surprising that unlike the N = 4 d=4 twistor superfield which is
bosonic, the d=10 twistor superfield of (3.8) is fermionic. This is related to the fact that
upon dimensional reduction to d=4, Γm = λγmθ involves the chiral d=4 θJa ’s for J = 1 to
3 in the linear combinations ηJ = λaθJa , but also involves the antichiral d=4 θ¯
a˙
4 ’s in the
combinations λσµθ¯4. So the dimensional reduction of the d=10 twistor superfield is not
the d=4 twistor superfield of (2.6).
3.3. d=10 super-Yang-Mills tree amplitudes
Since the d=10 super-twistors closely resemble the N = 4 d=4 super-twistors, it
is natural to try to generalize the super-twistor prescription for computing N = 4 d=4
super-Yang-Mills tree amplitudes to ten dimensions. Although cubic super-Yang-Mills
amplitudes vanish for real momenta in spacetime signature (9, 1), they are non-vanishing
in signature (5, 5) where pure spinors have 11 real components. To analyze the kinematics
in this signature, it is convenient to break manifest SO(5, 5) Lorentz invariance to an
SL(5) subgroup such that a spinor λα decomposes into (1, 10, 5) representations which
will be denoted as (λ+, λjk, λ
j) for j = 1 to 5. When λα is a pure spinor, the constraint
λγmλ = 0 can be solved by setting λj = 18(λ
+)−1ǫjklmnλklλmn, where it is assumed that
the component λ+ is non-zero.
If the momenta of the three external states are Pm(r) = λ(r)γ
mπ¯(r), one can use the
invariance δπ¯α(r) = (γ
mnλ(r))
αΩ(r)mn (and the condition that λ
+
(r) 6= 0) to fix π¯
+
(r) =
π¯(r)jk = 0. So the only non-zero components of π¯
α
(r) are in the 5 representation, and the
ten components of Pm(r) decompose under SL(5) into
P
j
(r) = λ
+
(r)π¯
j
(r), P(r)j = λ(r)jkπ¯
k
(r). (3.12)
Now if one uses projective invariance to scale λ+(1) = λ
+
(2) = λ
+
(3) = 1, momentum con-
servation implies as in d=4 that
∑3
r=1 π¯
α
(r) = 0. However, unlike in d=4, momentum
conservation does not imply that λα(1) = λ
α
(2) = λ
α
(3), and this will lead to a missing pro-
portionality factor in the d=10 super-twistor prescription.
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The natural d=10 generalization of the d=4 super-twistor prescription of (2.11) is
A =
∫
d10λ
∫
d5µ
∫
d5Γ Tr([Φ(1),Φ(2)]Φ(3)) (3.13)
where Φ(r) is defined as
Φ(r)(λ, µ,Γ) = δ
10(λjk − λ(r)jk)e
µj p¯i
j
(r)f(r)(Γ) (3.14)
and f(r)(Γ) is defined in (3.10). The integral
∫
d5Γ will be defined as∫
d5Γ F (Γ) =
1
5!
(λγmnpqrλ)
∂
∂Γm
∂
∂Γn
∂
∂Γp
∂
∂Γq
∂
∂Γr
F (Γ), (3.15)
which is consistent with the constraint Γm(γmλ)α = 0 since (λγ
mnpqrλ) ∂
∂Γm
Γs(γsλ)α = 0.
Performing the integration
∫
d10λ
∫
d5µ
∫
d5Γ, one finds that
A = δ10(λ(3)jk − λ(1)jk)δ
10(λ(3)jk − λ(2)jk)δ
5(
3∑
r=1
π¯
j
(r)) (3.16)
Tr([am(1), a
n
(2)]P(3)ma(3)n + ψ(1)γ
mψ(2)a(3)m + permutations of (1, 2, 3) ).
This would be the correct cubic super-Yang-Mills amplitude if
δ10(λ(3)jk − λ(1)jk)δ
10(λ(3)jk − λ(2)jk)δ
5(
3∑
r=1
π¯
j
(r))
were equal to
δ10(
3∑
r=1
Pm(r)) = δ
5(
3∑
r=1
λ(r)jkπ¯
k
(r))δ
5(
3∑
r=1
π¯
j
(r)). (3.17)
However, as remarked earlier,
∑
r P
m
(r) = 0 does not imply λ(1)jk = λ(2)jk = λ(3)jk, so the
first line of (3.16) is too restrictive.
Despite this incorrect proportionality factor, it is remarkable that∫
d5Γ f(1)(Γ)f(2)(Γ)f(3)(Γ)
correctly reproduces the polarization dependence of the cubic super-Yang-Mills amplitude
in the second line of (3.16). This is related to the fact that f(r)(Γ) is mapped to V(r) =
λαA(r)α(x, θ), and the cubic super-Yang-Mills amplitude prescription in the pure spinor
formalism is A = 〈V(1)V(2)V(3)〉 where the normalization of 〈 〉 is defined by
〈(λγmθ)(λγnθ)(λγpθ)(θγmnpθ)〉 = 1. (3.18)
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Note that Γm = λγmθ implies that ΓmΓnΓpΓqΓr is proportional to
(λγmnpqrλ)(λγsθ)(λγtθ)(λγuθ)(θγstuθ). (3.19)
So (3.15) implies that
∫
d5Γ F (Γ) is proportional to 〈F˜ (λ, θ)〉 where F˜ (λ, θ) is obtained
from F (Γ) by setting Γm = λγmθ.
Because of its close relationship with the pure spinor formalism, it might be possible
to get intuition about a super-twistor prescription for N -point tree amplitudes from the
pure spinor formalism. The N -point tree amplitude prescription using this superstring
formalism is
A = 〈V(1)(z1)V(2)(z2)V(3)(z3)
N∏
r=4
∫
dzrU(r)(zr)〉 (3.20)
where V = λαAα is the dimension zero unintegrated vertex operator, U = ∂θ
αAα +
(∂xm − 12θγ
m∂θ)Am + ... is the dimension one vertex operator satisfying QU = ∂V , and
Q =
∫
dzλαdα is the BRST operator.
In this formalism, the composite operator
b =
1
2
(∂xm −
1
2
θγm∂θ)(uγmd) + ... (3.21)
satisfies {Q, b} = T where uαλα = 1, T is the stress tensor, dα is the worldsheet variable
corresponding to Dα, and ... involves non-minimal variables. After including dependence
on the non-minimal variables, one can choose Siegel gauge for V [16] in which b0V = 0
where bnV denotes the pole of order (2 + n) in the OPE of b and V . In this gauge, the
integrated vertex operator can be expressed as
∫
dzU =
∫
dzb−1V and the tree amplitude
prescription of (3.20) can be expressed in terms of V and b as
A = 〈V(1)(z1)V(2)(z2)V(3)(z3)
N∏
r=4
∫
dzrb−1V(r)(zr)〉. (3.22)
If dα is defined as dα = qα − Pm(γmθ)α where qα = (γmλ)αΓ¯m − Γm(γmλ¯)α as in
(3.3), one finds that
1
2
Pm(uγ
md) =
1
2
Pm(uγ
mq) = (uαλ
α)[PmΓ¯m −
1
2
Γm(λ¯γ
mλ¯)] = B (3.23)
where the identity Pm(γ
mλ¯)α = −
1
2 (λ¯γ
mλ¯)(γmλ)α has been used. So the super-Poincare´
invariant operator B of (3.5) is related to the composite b ghost. This suggests defining
the N -point tree amplitude super-twistor prescription as
A =
∫
d10λ
∫
d5µ
∫
d5Γ Φ(1)(z1)Φ(2)(z2)Φ(3)(z3)
N∏
r=4
∫
dzrB−1Φ(r)(zr). (3.24)
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However, in order to evaluate this amplitude prescription, one first needs to define a
worldsheet action for the super-twistor variables and compute their OPE’s. If this can
be done, it seems reasonable to conjecture that the resulting twistor string theory will be
related to the usual d=10 superstring theory by a field redefinition. It is intriguing that
the bosonic super-twistor variables λα resemble the the bosonic ghost variables in the pure
spinor formalism, whereas the fermionic super-twistor variables Γm resemble the fermionic
matter variables in the RNS formalism. In fact, a recent proposal in [17] for relating the
pure spinor and RNS worldsheet variables defined fermionic variables Γm = λγmθ and
Γ¯m = uγmd which were related to the RNS variables by twisting [18] as
ψm = γ−1Γm + γΓ¯m (3.25)
where ψm is the RNS fermionic matter variable and γ is the RNS bosonic ghost variable.
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